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Abstract. We consider fermion masses and mixings in a renormalizable SUSY SO(10) GUT with Yukawa
couplings of scalar fields in the representation 10⊕120⊕126. We investigate a scenario defined by the fol-
lowing assumptions. (i) We have a single large scale in the theory, the GUT scale. (ii) The small neutrino
masses are generated by the type I seesaw mechanism with negligible type II contributions. (iii) We assume
a suitable form of spontaneous CP breaking that induces hermitian mass matrices for all fermion mass terms
of the Dirac type. Our assumptions define an 18-parameter scenario for the fermion mass matrices for 18
experimentally known observables. Performing a numerical analysis, we find excellent fits to all observables
in the case of both the normal and inverted neutrino mass spectrum.

1 Introduction

The group SO(10) is a favorite candidate for grand unified
theories (GUTs) [1], because its 16-dimensional irreducible
representation (irrep), the spinor representation, contains
all chiral fermions included in a standard model (SM) fam-
ily plus an additional neutrino SM gauge singlet. Moreover,
such theories allow for type I [2–6] and type II [7–9] see-
saw mechanisms (see also [10–13]) for the light neutrino
masses. In the construction of SO(10) theories, there are
two options [14]: either using low-dimensional scalar irreps
but accepting non-renormalizable terms in the Lagrangian,
or one sticks to renormalizable terms; then one has to ac-
cept high-dimensional scalar irreps according to [15, 16]

16⊗16= (10⊕126)S⊕120AS , (1)

where the subscripts “S” and “AS” denote, respectively,
the symmetric and antisymmetric parts of the tensor
product.
In this paper, we deal with the second option. A spe-

cial renormalizable model is the so-called “minimal SUSY
SO(10) GUT” (MSGUT) [17–20], which uses, for the
Yukawa couplings, one scalar in the 10 and one in the
126 irrep in order to account for all fermion masses and
mixings; it contains, in addition, one 210 and one 126
scalar irrep, in order to perform the suitable symmetry
breakings. Built in this model is the gauge-coupling uni-
fication of the minimal SUSY extension of the standard
model (MSSM). Detailed studies of this minimal theory
have been performed [21–29], also with small effects of the
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120-plet [30–32]. Though the MSGUT works very well in
the fermion sector, there is a tension between the scale
of the light neutrino masses and the GUT scale. The rea-
son is that the natural order of the neutrino masses in
GUTs is v2/MGUT ∼ 1.5×10−3 eV, where we have used
v ∼ 174GeV for the electroweak scale and a GUT scale
of MGUT ∼ 2×1016GeV. This neutrino mass scale is too
low, because

√
∆m2atm ∼ 0.05 eV, where ∆m

2
atm is the at-

mospheric neutrino mass-squared difference – for reviews
on the status of neutrino masses and mixing see [40–42].
Studies of the heavy scalar states [33–39] together with
studies of the fermion mass spectrum have shown that the
MSGUT is too constrained [43, 44], and the tension be-
tween the scale of light neutrino masses and the GUT scale
cannot be overcome: if one has a good fit of the fermion
masses, which requires a seesaw scale below MGUT, then
the gauge-coupling unification of the MSSM [45, 46] is
spoiled.
A natural step for supplying additional degrees of free-

dom to the MSGUT is to add the 120-plet of scalars [47]
which appears anyway in (1) – for early works in this di-
rection, see [48–53].1 The disadvantage is that this step
adds a considerable number of parameters and reduces
the predictability of the theory. Adding the 120 leads to
a resurgence of the type I seesaw mechanism [29], as a con-
sequence of the collapse of the seesaw scale with the GUT
scale, because the type I seesaw mechanism allows one to
enhance the neutrino masses through small Yukawa cou-
plings of the 126 [47, 55–57]; without the 120, i.e. in the
MSGUT, this process leads to the contradictions men-
tioned above.

1 We stress that 10⊕120 alone does not give a good fit in the
charged-fermion sector [54].
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The 120 has electrically neutral components only in
its four doublets with respect to the SM gauge group.
These contribute to the Higgs doublets Hd, Hu of the
MSSM, which are assumed to be the only light scalar de-
grees of freedom and the only ones that acquire VEVs at
the electroweak scale. Thus, the MSGUT enlarged by the
120 inherits from the MSGUT the scalar fields responsible
for spontaneous symmetry breaking above the electroweak
scale. In [55] we took this into account by explicitly making
the identification

wR =MGUT = 2×10
16GeV , (2)

wherewR, which defines the seesaw scale, is the vacuum ex-
pectation value (VEV) of (10,1,3) ∈ 126, with the usual
notation for multiplets of the Pati–Salam subgroup [58]
SU(4)c×SU(2)L×SU(2)R of SO(10). To summarize, this
identification re-establishes the “vast-desert scenario” of
the MSSM and maintains, by avoiding any intermediate
mass scales between Z mass and MGUT, its successful
gauge-coupling unification.
Furthermore, in [55] we reduced the number of pa-

rameters in the fermion mass matrices by assuming a ho-
rizontal Z2 symmetry and spontaneous CP violation, i.e.
real Yukawa couplings, with CP violation stemming from
the phases of the VEVs. We showed numerically that
this scenario can excellently reproduce the known fermion
masses and mixings.
Recently, the role of spontaneous CP violation has

been upgraded. A “new MSGUT” (NMSGUT) was pro-
posed [59], defined by extending the MSGUT by the 120
and spontaneous CP violation. It was shown that the re-
quirement of spontaneous CP violation not only has the
virtue of reducing the number of parameters of the theory,
but it has an important impact, via threshold effects, on
the unification scale as well; it tends to raise the unification
scale and with it the masses of all heavymultiplets, thereby
suppressing baryon decay.
In the present paper we retain (2) as a reference point.

We do not employ any horizontal symmetry, but we again
motivate real Yukawa coupling matrices by spontaneous
CP violation. However, we assume that it is of a very spe-
cific kind: CP is solely violated by imaginary VEVs of the
120; the VEVs of the 10 and 126 are assumed to be real. In
this way, the mass matrices of the down-quarks, up-quarks,
charged leptons and the neutrino Dirac-mass matrix are
hermitian.
This scenario was originally proposed in [51], its com-

patibility with sufficiently slow proton decay shown
in [52, 53]. However, in [51–53] it was assumed that the
type II seesaw mechanism is dominating. Since this is in-
compatible with having only one large scale, we have in
the present paper type I dominance and neglect possible
small contributions of type II, suppressed by v2/MGUT.
Like in [51–53], we do not propose any mechanism for
how the specific pattern of spontaneous CP violation can
be achieved; we just assume that within the NMSGUT
(or some extension of it) this pattern can be realized.
Our scenario gives an excellent fit to all known fermion
masses, mixings and the CKM phase δCKM, as good as

the one in [55], though it is of a rather different type.
This shows that the fermion data do not fix the en-
larged MSGUT in a unique way, and there is considerable
freedom in reducing the number of parameters in this
theory.
The paper is organized as follows. In Sect. 2 we dis-

cuss CP -invariant Yukawa couplings and lay out our sce-
nario. The method and results of our numerical analy-
sis are discussed in Sect. 3. In Sect. 4 we present the con-
clusions. Appendix contains a small collection of formu-
las for the SO(10) spinor representation, which is helpful
for Sect. 2.

2 An SO(10) scenario motivated by
spontaneous CP violation

Let us a define a transformation

CP :
ψL(x) → iCψ∗L(x̂) ,
W pqµ (x) → ε(µ)ηpqW

pq
µ (x̂) ,

(3)

where ψL is a fermionic 16-plet, C is the charge conjuga-
tionmatrix, the 45 gauge fields are denoted byW pqµ (p < q),

ε(µ) = 1 for µ= 0 and −1 for µ= 1, 2, 3, x̂= (x0,−x), and
the ηpq are signs. No summation is implied in (3). The 45
(hermitian) generators of the gauge group SO(10) in the
fermionic 16 are given by

i

2
σpq =

i

2
ΓpΓq (1≤ p < q ≤ 10) . (4)

For a representation of the operators Γp (p = 1, . . . , 10)
of the Clifford algebra and useful formulas concerning the
spinor irrep 16 see Appendix . One can easily check that
the gauge interaction of the fermionic 16-plet is invariant
under the transformation (3) if [16, 60, 61]

−σTpqηpq = σpq . (5)

Since

ΓTp = ξpΓp , ξp = (−1)
1+p , (6)

one finds

ηpq = ξpξq = (−1)
p+q . (7)

Denoting the generators of the Lie algebra SO(10) byMpq,
we mention that

Mpq→ ηpqMpq = SMpqS ,

S = diag(1,−1, 1,−1, 1,−1, 1,−1, 1,−1) (8)

is the automorphism associated with root reflection, which
is the canonical automorphism associated with CP . Such
an automorphism exists for all compact Lie groups and
is the reason why any gauge Lagrangian, whether for
fermions or scalars, is CP -invariant [16, 60, 61].
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Now we transfer the CP transformation to the Yukawa
couplings given by the Lagrangian

LY =
1

2

(
Habψ

T
aLC

−1BΓpHpψbL

+ Gabψ
T
aLC

−1BΓpΓqΓrDpqrψbL

+ Fabψ
T
aLC

−1BΓpΓqΓrΓsΓt∆̄pqrstψbL
)

+h.c. (9)

The indices a, b denote the family indices, p, q, r, s, t =
1, . . . , 10 are SO(10) indices, and C is the charge conjuga-
tion matrix. Summation over family and SO(10) indices is
implied in (9). The matrix B, which ensures SO(10) invari-
ance, is defined in (A.6). The Yukawa coupling matrices
have the properties

Hab =Hba , Gab =−Gba , Fab = Fba . (10)

We define the CP transformations (no summations im-
plied)

Hp(x)→ ξpH
∗
p (x̂) , (11)

Dpqr(x)→ ξpξqξrD
∗
pqr(x̂) , (12)

∆̄pqrst(x)→ ξpξqξrξsξt∆̄
∗
pqrst(x̂) , (13)

for the scalar fields of the irreps 10, 120 and 126, re-
spectively; the latter two are totally antisymmetric tensor
fields, and ∆̄ is self-dual in addition.
Now we require invariance of the Lagrangian (9) under

the CP transformation given by (3), (11), (12) and (13). As
an example we take the 10 and obtain

Habψ
T
aLBC

−1ΓpHpψbL
CP
→ −Habψ

†
aLBCΓpξpH

∗
pψ
∗
bL

=
(
Hbaψ

T
bLBC

−1ΓpHpψaL
)†
.

(14)

The equality sign on the right-hand side of the arrow de-
fines the condition of CP invariance: the CP -transformed
Yukawa Lagrangian must be identical with its hermitian
conjugate. Evaluating (14) with the help of (A.6), we find
a hermitian Yukawa coupling matrix. Performing an anal-
ogous computation for the 120 and 126, we arrive at the
conclusion that the CP transformation requires

Hab =H
∗
ba , Gab =−G

∗
ba , Fab = F

∗
ba . (15)

Together with (10) this means that all Yukawa coupling
matrices are real.
In order to obtain a non-trivial CKM phase δCKM, it

is necessary to break CP invariance. The scenario we en-
visage was originally proposed in [51]. In the context dis-
cussed here, we assume that

– the VEVs of the 10 and 126 are real ;
– CP is spontaneously broken by the VEVs of the 120;
– this breaking is maximal, i.e., the VEVs of the 120 are
imaginary.

Thus, the mass matrices of the charged fermions and the
neutrino Dirac-mass matrix are given, respectively, by

Md = kdH+iκdG+ vdF , (16)

Mu = kuH+iκuG+ vuF , (17)

M� = kdH+iκ�G−3vdF , (18)

MD = kuH+iκDG−3vuF , (19)

with

kd,u, κd,�,u,D, vd,u ∈ R , H =H
∗ =HT ,

G=G∗ =−GT ,

F = F ∗ = FT . (20)

The mass matrices (16)–(19) are hermitian. The light neu-
trino mass matrix is given by

Mν =ML−M
T
DM

−1
R MD ,

ML = wLF , MR = wRF , (21)

with scalar triplet VEVswL andwR. The mass Lagrangian
of the “light” fermions reads

LM =−d̄RMddL− ūRMuuL− 
̄RM�
L+
1

2
νTLC

−1MννL

+h.c. (22)

We finish this section with some remarks. SO(10)
models have included the so-called D-parity [62, 63], which
is a specific involutory SO(10) transformation that uses the
branching rule

16= (4,2,1)⊕ (4̄,1,2) (23)

under the Pati–Salam group [58] and exchanges the two
Pati–Salam irreps. One can combine CP with D-parity
and interpret such a transformation as parity in the usual
sense [61]. Requiring invariance of the theory under this
parity gives the same restrictions on the Yukawa coupling
matrices as CP alone, since the theory is invariant under
D-parity anyway.
In the CP transformation of the 120, (12), we could

put a minus sign. Then the Yukawa coupling matrix would
be hermitian and antisymmetric or, equivalently, antisym-
metric and imaginary.2 In that case, real VEVs of the 120
break CP maximally.

3 The numerical analysis

As argued in the introduction, with only one large scale,
the GUT scale, in the theory, we can neglect the type II see-
saw contribution in (21).3 Then a possible phase of wR is
irrelevant. With

H ′ ≡ kdH , G
′ ≡ κdG , F

′ ≡ vdF , (24)

2 This is the choice in [51].
3 A quantitative justification will be given in this section.
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we rewrite the mass matrices as

Md =H
′+iG′+F ′ , (25)

Mu = rHH
′+iruG

′+ rFF
′ , (26)

M� =H
′+ir�G

′−3F ′ , (27)

MD = rHH
′+irDG

′−3rFF
′ , (28)

Mν = rRM
T
DF

′−1MD . (29)

Without loss of generality we assume H ′ to be diagonal.
Then all redundant parameters are removed and we ar-
rive at 12 real parameters in H ′, G′, F ′ and six real ra-
tios of VEVs. Thus our scenario has 18 independent pa-
rameters for 18 observables: nine charged-fermion masses,
three mixing angles and the CP phase δCKM in the CKM
matrix, the atmospheric and solar neutrino mass-squared
differences ∆m2atm and ∆m

2
�, and three lepton mixing

angles.
Equations (25)–(29) are amenable to a numerical an-

alysis, which will, in particular, yield values for rF and rR.
If we fix the triplet VEV wR, e.g. by identifying it with the
GUT scale – see (2), this analysis will also yield definite
values for vd and vu because

vd = rRwR , vu = rF rRwR . (30)

A reasonable condition on these VEVs is given by [55]

v2d+ v
2
u = (rRwR)

2
(
1+ r2F

)
< v2 , v = 174GeV .

(31)

This inequality certainly holds at the electroweak scale.
Assuming that it holds approximately at the GUT scale
as well, we will subject our fit results to this consistency
check.
To find a numerical solution for the parameters in (25)–

(29), we build as usual [46, 54, 55] a χ2-function for the 18
observables,

χ2(P ) =
18∑

i=1

(
fi(P )− ȳi
δyi

)2
, (32)

whose input values ȳi± δyi are given in Table 1; these
values refer to an MSSM parameter tanβ = 10. The let-
ter P symbolizes the set of 18 parameters, i.e. the Yukawa
couplings and ratios of VEVs. The functions fi(P ) express
our theoretical predictions, as functions of the parameter
set P , for the observables, obtained from (25)–(29). As con-
vention for the quark and lepton mixing matrix we use that
of the review of particle properties [65]. The χ2-function
is minimized analytically with respect to rR. In this way
we obtain a χ2-function of the remaining 17 parameters,
which is minimized numerically by employing the downhill
simplex method [66, 67].
In the following we will also consider χ2-functions

where a specific quantity is pinned down to a given value
– for previous use of such a method, see e.g. [46, 55]. If
we want to pin down a quantity ω(P ), which is indepen-
dent of the 18 observables, to a value ω̄, we add (ω(P )−
ω̄)2/(0.01ω̄)2 in (32) and minimize the χ2ω thus obtained.

Table 1. Input data at the GUT scale for MGUT =
2×1016 GeV and tan β = 10. The charged-fermion masses are
taken from [64], except for the values of md, ms and mu; these
were obtained by taking their low-energy values from [65] and
scaling them to MGUT. As for ∆m

2
atm, we use the value ob-

tained in [42]. We have copied the remaining input from Table 1
in [46]. Charged-fermion masses are in units of MeV, neutrino
mass-squared differences in eV2. We have used the abbrevia-
tions s12 ≡ sin θ12, etc. The angles in the upper table refer to
the CKMmatrix, those in the lower table to the PMNS matrix

Quarks

md 1.03±0.41

ms 19.6±5.2

mb 1063.6+141.4−086.5

mu 0.45±0.15

mc 210.3273+19.0036−21.2264

mt 82433.3+30267.6−14768.6

s12 0.2243±0.0016

s23 0.0351±0.0013

s13 0.0032±0.0005

δCKM 60◦±14◦

Leptons

me 0.3585+0.0003−0.0003

mµ 75.6715+0.0578−0.0501

mτ 1292.2+1.3−1.2

∆m2� (7.9±0.3)×10−5

∆m2atm

(
2.50+0.20−0.25

)
×10−3

s212 0.31±0.025

s223 0.50±0.065

s213 < 0.0155

If ω coincides with one of the observables yk, the term
above is added, but at the same time the term (fk(P )−
ȳk)
2/(δyk)

2 has to be removed from the χ2 of (32). In that
way, we can study the sensitivity of our scenario to varia-
tion of a quantity ω.

3.1 A fit in the case of normal neutrino mass ordering

We search for a solution in the case of the normal ordering
m1 <m2 <m3 of the neutrino masses (∆m

2
� =m

2
2−m

2
1,

∆m2atm =m
2
3−m

2
1). In that case we find an excellent fit

with the following properties:

χ2 = 0.33 ,
√
v2d+ v

2
u = 26.4GeV ,

m1 = 1.81×10
−3 eV ,

m2 = 0.907×10
−2 eV ,

m3 = 5.006×10
−2 eV . (33)

In the second relation in this equation we have used wR =
MGUT – see (2). The corresponding values of the matrix
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Table 2. The values of the VEV ratios appearing in the mass matrices (25)–(29) obtained in the fits with normal and inverted
neutrino mass ordering

rH rF ru r� rD rR

Normal: −71.5516 7.16038 −2.76118 6.57185 5842.373 1.82618×10−16

Inverted: 82.0042 190.194 6.60808 −7.22108 −43303.97 2.22386×10−18

elements ofH ′, G′ and F ′ are given by

H ′ =

⎛

⎝
0.198268 0 0
0 −0.896317 0
0 0 1150.786

⎞

⎠ ,

G′ =

⎛

⎝
0 2.68402 1.67616

−2.68402 0 −0.580726
−1.67616 0.580726 0

⎞

⎠ ,

F ′ =

⎛

⎝
3.23879 5.69390 −10.0743
5.69390 19.1109 −33.5646
−10.0743 −33.5646 −44.3762

⎞

⎠ (34)

where all numerical values are in units of MeV. The fit
values of the VEV ratios are listed in Table 2. The χ2 of the
fit practically comes only from two observables: the pull of
sin2 θ13 (leptonic mixing angle) is 0.45 and the pull ofmb is
0.31.
We can ask the question if our scenario makes some pre-

dictions. For the best fit we find δPMNS =−2.0◦. However,
this small value is misleading, because pinning δPMNS in
χ2 shows that in the large range −60◦ � δPMNS � 60◦ the
fit is still very good, with χ2 � 1. The worst χ2 is about
15 and occurs around δPMNS ∼ 175◦, where for instancemb
is not well reproduced and the leptonic sin2 θ13 becomes
too large. As for sin2 θ13, Fig. 1 shows that the preferred
value is about 0.01. However, we cannot consider this as
a prediction, since in a wide range around this value the
χ2 is still acceptable. Only at very small sin2 θ13 the fit

Fig. 1. χ2 as a function of the leptonic sin2 θ13
for the normal neutrino mass spectrum

becomes bad, mainly because of md, mb and the atmo-

spheric mixing angle θ23. The quantity R =m1/
√
∆m2�

measures how hierarchical a normal neutrino mass spec-
trum is. The χ2 as a function of R is depicted in Fig. 2. We
read off that R ∼ 0.2 is preferred and χ2 quickly becomes
bad for larger R, mainly owing to md,mb and the leptonic
sin2 θ13. Also for very small R the fit worsens, for similar
reasons as for large R, however, not in a dramatic way. On
the other hand, in the MSGUT there is a preferred range
0.2� R � 2, and there is a genuine lower bound on R as
well [46].
With (30) and the upper bound on

√
v2d+ v

2
u in (33) we

see that we are allowed to raise wR to wR ∼ 6×MGUT,
without violating the inequality (31).
It has to be checked that our numerical solution given

by (34) and Table 2 respects the perturbative regime in the
Yukawa sector. Since the procedure has been explained in
detail in [55], we confine ourselves to the essentials. The
two Higgs doublets of the MSSM, Hd and Hu, have hy-
percharges +1/2 and −1/2 and VEVs v cosβ and v sinβ,
respectively. The corresponding Yukawa coupling matrices
are given by Yd =Md/(v cosβ), etc. It turns out that the
largest Yukawa couplings are (Yu)33 � (YD)33, where the
largest contribution comes fromH ′33. Using tanβ = 10, it is
given by rHH

′
33/(v sinβ) �−0.48. This confirms that the

Yukawa couplings are safely in the perturbative regime.
Finally, we want to estimate the size of type II seesaw

contributions to Mν . The corresponding mass matrix is
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Fig. 2. χ2 as a function of R =mmin/
√
∆m2�,

where mmin =m1 for the normal andm3 for the
inverted neutrino mass spectrum

given by wLF
′/vd = wLF

′/(rRMGUT) – see (2), (21) and
(30). The largest element in F ′ is the 33-element. With
the value of this element from (34) and rR from Table 2,
the type II mass matrix contributes at most (1.2×10−2)×
wL. Since we expect wL ∼ v2/MGUT ∼ 10−3 eV, we find
the announced suppression with respect to type I seesaw
contributions.

3.2 A fit for the inverted neutrino mass spectrum

Searching for a fit by imposing the inverted orderingm3 <
m1 <m2 of the neutrino masses (∆m

2
� =m

2
2−m

2
1 as for

the normal spectrum, but ∆m2atm =m
2
2−m

2
3), we find a so-

lution which is even better than in the case of normal order-
ing. It has the following properties:

χ2 = 0.011 ,
√
v2d+ v

2
u = 8.46 GeV ,

m1 = 4.920×10
−2 eV ,

m2 = 5.000×10
−2 eV ,

m3 = 2.18×10
−4 eV , (35)

with the matrices

H ′ =

⎛

⎝
2.39744 0 0
0 33.6387 0
0 0 1127.980

⎞

⎠ ,

G′ =

⎛

⎝
0 −2.41722 −2.65793

2.41722 0 0.0107775
2.65793 −0.0107775 0

⎞

⎠ ,

F ′ =

⎛

⎝
−1.05201 −0.0960901 0.174940
−0.0960901 −14.0343 26.0245
0.174940 26.0245 −52.9848

⎞

⎠ , (36)

where all numerical values are in units of MeV, and the
VEV ratios are displayed in Table 2. For all practical pur-
poses the fit is perfect and there is no need to give any pull
values.

Now we come to the predictions of our scenario in
the case of the inverted neutrino mass spectrum. Con-
cerning CP violation in neutrino oscillations, our best
fit gives δPMNS = −107.6◦. However, this value has no
meaning, because χ2 as a function of δPMNS is flat for
all practical purposes. The same is true for the leptonic
quantities
sin2 θ23 and sin

2 θ13 in the physically relevant ranges.
However, there is a definite prediction for the neutrino
mass spectrum: hierarchy is strongly preferred – see Fig. 2.

When the quantity R = m3/
√
∆m2� becomes large the

fit turns bad; however, there is no clear-cut reason for
this. It is mostly the down-quark masses and the top-
quark mass that are not well reproduced, and the fit value
of the leptonic sin2 θ13 is around its experimental upper
bound.
In the second relation of (35) we have again used our

reference value (2). Now inequality (31) is respected for
wR � 20×MGUT, i.e. there is more freedom for wR than in
the normal case.
As before, large Yukawa couplings in Yu and YD are in-

duced by H ′33. But now, because rD is so large, a slightly
larger coupling is (YD)13 � irDG

′
13/(v sinβ) � i× 0.66,

which is still in the perturbative regime. The discussion of
the smallness of type II seesaw contributions to Mν pro-
ceeds as for the normal spectrum.
In (36) the elements G′23, F

′
12 and F

′
13 are rather small.

This might suggest one to set them zero, which is achiev-
ed by the horizontal Z2 symmetry ψL1→−ψL1, Dpqr →
−Dpqr. However, this is untenable because it would lead
to vanishing δCKM. The reason is that this horizontal Z2
can be combined with the CP transformation of Sect. 2 to
a new symmetryCP ′, under which the vacuum state of our
scenario is invariant.4 Consequently, in that case there is no
CP violation [68, 69] and one can show – as must be in such
a case – that exp(iδCKM) =±1 [69].

4 Under CP ′, the VEVs iκd,u,�,D do not change sign!
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4 Conclusions

In this paper we have investigated fermion masses and
mixings in an SUSY SO(10) scenario,5 originally proposed
in [51], where the Yukawa coupling matrices of the scalars
in the irreps 10, 120 and 126 are real and CP violation
is induced only by imaginary VEVs of the 120. This gives
a scenario with 18 real parameters in the fermion mass
sector. Recent results from the MSGUT require a single
heavy SO(10) breaking scale, which is then cogent for the
MSGUT extended by the 120 as well.
There are the following differences between [51] and the

present paper: Firstly, ourMν is induced by the type I see-
saw mechanism and type II is negligible, whereas in [51]
it was assumed that type II dominates. Secondly, we use
a purely numerical method, employing the minimization of
a χ2-function, whereas [51] uses an approximate semiana-
lytical method.
We have found excellent fits to fermionmasses andmix-

ings for both types of neutrino mass spectra. We want to
emphasize this in particular for the inverted mass spec-
trum, for which the system of fermion mass matrices in the
MSGUT – which has no 120 – does not allow an acceptable
fit to be made [46], though complex Yukawa couplings and
VEVs and contributions to Mν from both seesaw types
are admitted.6 The fits presented in this paper have the
following features. The diagonal Yukawa coupling matrix
H of the 10 is strongly hierarchical and is responsible, in
the charged-fermion mass spectra, for the hierarchy be-
tween the second and third families. The correct size of
the neutrino masses is reproduced by cooperation of two
effects: rather large contributions rHH+irDG to the neu-
trino Dirac-mass matrixMD from the couplings of the 10
and 120, where G is the Yukawa coupling matrix of the
120, and a moderately small coupling matrix F of the 126,
which enters with its inverse in the type I seesaw formula.
The contribution of the 120 to the charged-fermionmasses
and to the CKM matrix is rather small, whereas rDG in
MD introduces large leptonic mixing angles. Similar fea-
tures were found in the previous sample fit of [55], though
the assumptions concerning the fermion mass matrices in
that paper are quite different from those in the present pa-
per, apart from the use of spontaneous CP violation in
both scenarios.
Unfortunately, our scenario is not very predictive. How-

ever, it does have one clear-cut prediction, namely a hi-
erarchy for both the normal and inverted neutrino mass
spectrum. This is quantified by the observable R in Fig. 2,

from which we read offmmin	
√
∆m2�.

Apparently, extending the MSGUT by the 120 leads
to an ambiguous situation concerning fermion mass matri-
ces: quite different assumptions can result in excellent fits.

5 In our analysis SUSY enters only via the input parameters
whose values we need at the GUT scale. In the evolution of
these parameters from the electroweak to the GUT scale we
assume the renormalization group equations of the MSSM.
6 The MSGUT system has 13 absolute values and eight
phases.

Whether these fits are compatible with the NMSGUT [59],
where the VEVs are subject to certain relations, remains
to be checked. One aspect seems to emerge: spontaneous
CP violation plays in important role in both fermion mass
matrices [55] and spontaneous breaking [59] of SO(10).

Acknowledgements. W.G. is grateful to L. Lavoura for useful
discussions.

Appendix: The spinor representation of
SO(10)

A possible representation – on the space H of the fivefold
tensor product of C2 – for the Clifford algebra associated
with the Lie algebra SO(10) is given by [70]

Γ2j−1 = σ
(5−j)
3 ⊗σ1⊗1I

(j−1) ,

Γ2j = σ
(5−j)
3 ⊗σ2⊗1I

(j−1) (j = 1, . . . , 5) ,
(A.1)

where a superscript (k) denotes the k-fold tensor product.
The 2×2 matrices σi (i = 1, 2, 3) are the Pauli matrices,
and 1I denotes the 2×2 unit matrix. It is easy to check that
the Γp (p= 1, . . . , 10) fulfill

{Γp, Γq}= 2δpq1I
(5) , Γp = Γ

†
p = Γ

−1
p . (A.2)

It is well known that the matrices

1

2
σpq ≡

1

2
ΓpΓq 1≤ p < q ≤ 10 , (A.3)

have precisely the same commutation relations as the basis
elements

(Mpq)jk = δpjδqk− δqjδpk , 1≤ p < q ≤ 10 , (A.4)

of SO(10). The σpq generate the spinor irrep 16 of SO(10)
on the 16-dimensional space

1

2
(1I(5)+Γ11)H , Γ11 = σ

(5)
3 . (A.5)

Note that Γ11 anticommutes with all Γp (p= 1, . . . , 10).
For the Yukawa couplings one needs the matrix B and

its properties

B ≡ Γ1Γ3Γ5Γ7Γ9 , B = B
† = B−1 , ΓpB = ξpBΓp ,

ξp = (−1)
1+p . (A.6)
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11. S.M. Bilenky, J. Hošek, S.T. Petcov, Phys. Lett. B 94, 495
(1980)

12. I.Y. Kobzarev, B.V. Martemyanov, L.B. Okun,
M.G. Shchepkin, Yad. Fiz. 32, 1590 (1980) [Sov. J. Nucl.
Phys. 32, 823 (1981)]

13. J. Schechter, J.W.F. Valle, Phys. Rev. D 25, 774 (1982)
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54. L. Lavoura, H. Kühböck, W. Grimus, Nucl. Phys. B 754, 1
(2006) [hep-ph/0603259]
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